Abstract. We introduce notations such as cdp presheaf, cds precosheaf, Mayer-Vietoris system, and give their properties. As applications, we study cohomologies with values in local systems on smooth manifolds and Dolbeault cohomologies with values in locally free sheaves on complex manifolds, where the compactness is unnecessary for both cases. In particular, we prove Poincaré dulaity theorem, Künneth formula, Leray-Hirsch theorem and write out explicit blow-up formulas for these cohomologies. At last, we compare the blow-up formula given by Rao, S., Yang, S. and Yang, X.-D. with ours, and then deduce that their formula is still an isomorphism in the noncompact case.
Introduction
The Mayer-Vietoris sequence is a classical result in algebraic topology. It exists in various homology and cohomology theories satisfying the Eilenberg-Steenrod axioms ( [8] ). Moreover, it holds in topological K-theory ( [13] ). In [14, 15, 16] , we studied the Morse-Novikov cohomology, Dolbeault cohomology and gave the explicit formulas of blow-ups of these cohomologies. A key approach is that consider the local cases first, and then, extend them to global cases via Mayer-Vietoris sequences. Other applications of this method can be find in [9] and [11] . We develop this method systematically by the language of presheaves and precosheaves as follows. Theorem 1.1. Let X be a connected smooth manifold and M * , N * M-V systems of cdp presheaves (resp. cds precosheaves) on X. Assume F * : M * → N * is a M-V morphism satisfying the following hypothesis: (*) There exists a basis U of topology of X, such that, F * (U 1 ∩ ... ∩ U l ) is an isomorphism for any finite U 1 , ..., U l ∈ U. Then F * is an isomorphism.
As applications of this theorem, we generalize the main results in [5, 14, 15, 16, 17, 18] . During our preparation of this article, Rao, S., Yang, S. and Yang, X.-D. ( [18] ) gave a blowup formula for bundle-valued Dolbeault cohomology on compact complex manifolds. With the similar way in [18] , Chen, Y. and Yang, S. ( [5] ) gave a blow-up formula for cohomology with values in local systems on compact complex manifolds. By Theorem 1.1, we will give other formulas in a different way and remove the compactness. Moreover, we will prove their formulas are still isomorphic on possibly noncompact bases.
Let π : X → X be the blow-up of a connected complex manifold X along a connected complex submaifold Y . We know π| E : E = π (
gives isomorphisms
for any k, where h = [t] ∈ H 2 (E, R) or H 2 (E, C) and V is a local system of R or C-modules of finite rank on X, and, for any p, q, where h = [t] ∈ H 1,1 (E) and E is a locally free sheaf of O X -modules of finite rank on X.
In the inverse direction, are isomorphisms, where φ V , φ
In Section 2, we introduce cpd presheaf, cps precosheaf, M-V system and prove Theorem 1.1. In Section 3, we define operators on forms and currents with values in local systems and locally free sheaves. In Section 4, several examples are given and generalize R. O. Wells' main results in [23] . In Section 5, we give some applications of Theorem 1.1, for instance, Poincaré dulaity theorem, Künneth formula, Leray-Hirsch theorem on cohomology with values in local systems and Dolbeault cohomology with values in locally free sheaves. In Section 6, we prove Theorem 1.2.
Mayer-Vietoris systems of presheaves and precosheaves
In this section, R denote a commutative ring with unit. All presheaves, precosheaves and morphisms mentioned refer to them of R-modules.
2.1.
Mayer-Vietoris systems. Let X be a topological space and M a presheaf (resp. precosheaf) on X. For open sets V ⊆ U , denote by ρ U,V (resp. i V,U ) the restriction M(U ) → M(V ) (resp. the extension M(V ) → M(U )). We say the presheaf (resp. precosheaf) M satisfies the countable direct product condition (resp. countable direct sum condition), if for any collection {U n |n ∈ N + } of disjoint open subsets of X,
is an isomorphism. Briefly, we call M a cdp presheaf (resp. cds precosheaf ).
A system M * = {M p , δ p |p ∈ Z} of presheaves (resp. precosheaves) of R-modules on X consists of the following data:
(i) For any p, M p is a presheaf (resp. precosheaf) on X. (ii) For any open subsets U , V in X and all p, δ
are morphisms, such that
is a complex, where P p (α) = (ρ . Assume M * and N * are systems of presheaves (resp. precosheaves) on X and F * = {F p : M p → N p |p ∈ Z} is a collection of morphisms of presheaves (resp. precosheaves) satisfying that the diagram
is commutative. Then we say F * : M * → N * is a morphism of systems. Clearly, kerF * := {kerF p , δ p |p ∈ Z} and ImF * := {ImF p , δ p |p ∈ Z} are systems of presheaves (resp. precosheaves).
For n ∈ Z and a system M * = {M p , δ p |p ∈ Z}, we define a system 
Elementary Properties.
Following properties can be proved using elementary homological algebra in category of modules. Assume X be a topological space. For cdp presheaves and cds precosheaves, we have (1) (i) If M is a cds precosheaf on X and N is a R-module, then M ⊗ R N is a cds precosheaf on X.
(ii) Assume R is Noether ring. If M is a cdp presheaf on X and N is a finite generalized flat R-module. Then M ⊗ R N is a cdp presheaf on X.
(iii) If M is a cdp presheaf (resp. cds precosheaf) on X and N is a R-module, then Hom R X (N, M) (resp. Hom R X (M, N )) is a cdp presheaf on X, where N is viewed as a constant presheaf (resp. precosheaf).
(iv) If M is a cds precosheaf on X and N is a finite generated R-module, then Hom R X (N, M) is a cds precosheaf on X.
(2) If M α are cdp presheaves (resp. cds precosheaves) for all α ∈ Λ on X, then α∈Λ M α (resp. α∈Λ M α ) is a cdp presheaf (resp. cds precosheaf) on X.
(3) If F : M → N is a morphism of cdp presheaves (resp. cds precosheaves) on X, then kerF , ImF , cokerF are cdp presheaves (resp. cds precosheaves).
For M-V systems, we have
Z} is a M-V system of presheaves (resp. precosheaves).
(ii) If N is a projective R-module, Hom R X (N, M * ) is a M-V system of presheaves (resp. precosheaves).
(iii) If N is an injective R-module, Hom R X (M * , N ) is a M-V system of precosheaves (resp. presheaves). In particular, if R is a divisible ring,
are both M-V systems of presheaves (resp. precosheaves).
(
is an exact sequence of systems of presheaves (resp. precosheaves) on X, i.e. for every p,
are morphisms of M-V systems of presheaves (resp. precosheaves) on X for all α ∈ Λ, then
is a morphism of M-V systems of presheaves (resp. precosheaves). Assume Λ is a finite set. Then (F * α ) α∈Λ and α∈Λ G * α are both morphisms of M-V systems of presheaves (resp. precosheaves).
(5 ′ ) If F * : M * → N * and G * : L * → M * are both morphisms of M-V morphisms of presheaves (resp. precosheaves) on X, then the composition
α are morphisms of M-V systems of presheaves (resp. precosheaves) on X for all α ∈ Λ, then 
(ii) Disjoint condition:
Proof. We first prove the follows:
For r = 1, it holds obviously. Suppose (c.1) holds for r. For r+1, set U
holds. We proved (c.1).
Let U f be the collection of open sets which is the finite union of open sets in U. We claim that (c.2) P(V ) holds for any finite intersection V of open sets in U f .
By [9] , p. 16, Prop. II, Proof. We only prove the case of presheaves. The other case can be proved similarly.
Denote by P(U ) the statement that F * (U ) is an isomorphism. By the hypothesis (*), 
is an isomorphism by Five-Lemma. So P satisfies Mayer-Vietoris condition. By Lemma 2.3,
For any open set V in X, set U V = {U ∈ U|U ⊆ V }. By the hypothesis (*), U V is a basis of topology of V and
Several Operators
Before giving examples of Mayer-Vietoris systems, we define several operators on forms and currents with values in local systems and locally free sheaves, which are possibly well known for experts. We can't find references on them, and hence, give all details here by the sheaf-theoretic approach completely. Part of them was defined in a different viewpoint in [19] , [23] , where they used bundle-valued forms and their topological duals (called bundlevalued currents). 
. We easily get Lemma 3.1. suppα i ⊆ suppω ∩ U and suppT i ⊆ suppS ∩ U .
Extension by zero and restriction. Assume
It is noteworthy that j * ω does not depend on the choice of the open covering U. Actually, let U be the collection of all open sets in X satisfying that E| U a free O U -module. Any U is a subcovering of U, then {ω U |U ∈ U} ⊆ {ω U |U ∈ U}. So j * ω defined by U and U coincides. By the defintion, suppj * ω = suppω is compact. Therefore, we get a map
, which is exactly the extension by zero of sections with compact supports.
Let
Similarly with j * , the definition of f * S is independent of the choice of the opening covering U.
We proved the first part.
For any
Therefore, x is not in suppf * S. The second conclusion holds.
By Lemma 3.2, we get a pushout
).
In particular, for the inclusion j : V → X of an open subset V of X, j * is the extension by zero, whose restriction to Γ c (V, E ⊗ OX A p,q X ) concides with (3). In addition, assume f is proper. By Lemma 3.2, the pullback (4) gives
and by Lemma 3.1, (5) define a pushout
which is actually induced by the pushout
proper holomorphic map of connected complex manifolds and E a locally free sheaf of O X -modules of finite rank on X. For an open set
Proof. Let U be arbitrary open set of X such that E| U is a free O U -module and e 1 , . . . , e m a basis of
. We proved the first part.
It is easily to check that f V ∩U * (
We complete the proof.
Operators on cohomology. We still denote by
. We briefly denote them by H p,q (X, E). It coincides with the bundle-valued Dolbeault cohomology H p,q (X, E) (seeing [6] , p. 268, Prop. 11.5), where E is the holomorphic vector bundle associated to E. Similarly, denote by H p,q c (X, E) the cohomology with compact support.
Clearly, all operators defined in Secion 2.1.2 and 2.1.3 commutate with∂, hence induce the morphisms at the level of cohomology.
3.1.5. Wedge, cup and cartesian products. Assume E and F are locally free sheaves of O X -modules of rank m and n on X respectively. Let U be an open covering of X such that, for any U ∈ U, E| U and F | U are free O U -modules, and let e 
r,s X ) and U ∈ U, S and ω are represented by
gives a E ⊗ OX F -valued (p + r, q + s)-current on U . By them, we construct a global section of E ⊗ OX F ⊗ OX D ′p+r,q+s X on X, which is independent of the choice of the open covering U. We call it wedge product, denoted by S ∧ ω. Similarly, we can define
where f : Y → X is a holomorphic map of complex manifolds. In addition, if T is a f * E-valued current on Y satisfying that f | suppT : suppT → X is proper, then
which is called the projection formula. Locally, it is the classical projection formula for currents.
Define the cup product on cohomology groups
Similarly, we can define the cup products between
By the projection formula (6),
Let G be a locally free sheaf of O Z -modules of finite rank on a complex manifold Z and pr 1 , pr 2 the projections from X × Z to X, Z respectively. Then pr *
is called cartesian product, where E ⊠ G = pr * 1 E ⊗ OX×Z pr * 2 G is the external tensor product of E and G.
3.2.
Smooth manifold and local system. Recall that, for a topology space X, a local system of R-modules on X is a locally constant sheaf of R-modules on X, or equivalently, a locally free sheaf of R X -modules on X, where R X is the constant sheaf with stalks R on X. For a smooth map f : Y → X, local systems V, W of R-modules of finite ranks on X, all notations in Section 3.1 can be similarly defined and all results there hold. Acutally, we need only to replace
It is noteworthy that, if the notations is related to currents, the corresponding manifolds are necessarily orientable.
We list out the main results as follows.
Lemma 3.4. Let f : Y → X be a smooth map of connected smooth manifolds and V a local system of R-modules of finite rank on X. Set r = dimY − dimX.
(1) For a V-valued form ω on X, 
Suppose X is a connected oriented smooth manifold with dimension n and V a local system of R-modules of rank m. Denote by V ∨ = Hom R X (V, R X ) the dual of V. Let U be an open covering of X such that V| U and V ∨ | U are constant for any U ∈ U. Assume e 
where Ω ij is a smooth n-form on U for 1
is a smooth n-form on U , where , is the contraction between V and V ∨ . By them, we construct a smooth n-form on X, denoted by trΩ, which does not depend on the choice of the open covering U. Obviously, supp(trΩ) ⊆ suppΩ. tr gives a trace map
Cohomology with compact vertical supports. Assume π : E → X is a smooth fiber bundle on a smooth manifold X. Set cv = {Z ⊆ E|Z is closed in E and π| Z : Z → X is proper}. Let W be a local system of R-modules of finite rank on E. Then 0 → W → W ⊗ R E A
• E is a cv-soft resolution of W on X. By [3] , II, 4.1, the compact vertical cohomology can be computed by
cv (E, W). Let π : E → X be an oriented smooth vector bundle of rank r on a (possiblly unorientable) smooth manifold X and ω ∈ A p cv (E). Denote by π * ω the integral along fibers, seeing [14] , Sec. 2.4. Let V be a local system of R-modules of rank m on X and Ω ∈ Γ cv (E, π 
on U . For all such U , these V-valued forms can be glued as a global section on X, denoted by π * Ω. π * gives a morphism
On the level of cohomology, π * induces H *
If W is a local system of R-modules of finite rank on X and ω ∈ Γ(X, W ⊗ R X A q X ), we have the projection formula
which can be checked locally by [2] , Prop. 6.15. Let pr 1 : X × Y → X be a trivial smooth fiber bundle over X and W a local system of R-modules of finite rank on
, where X × V is viewed as a smooth fiber bundle over X. Then (X × U ) ∩ suppω is closed in X × U .
Proof. Suppose {B α } is a open covering of X such that B α are compact for all α. Since ω has compact vertical support, suppω ∩ (B α × V ) is compact. Then
is open in X × U .
By this lemma, any
, where X × U is also viewed as a smooth fiber bundle over X.
Examples

H p,q X (E) and H
p,q X,c (E). Let X be a connected complex manifold and E a locally free sheaf of O X -modules of finite rank on X. Define H p,q
for any open set U in X, and the restriction
for any open set U in X, and the extension
for open sets V ⊆ U , where j V U : V → U is the inclusion. It is easily to check that H p,q X (E) is a cdp presheaf and H p,q X,c (E) is a cds precosheaf of R-modules on X. Let F be a locally free sheaf of O X -modules of finite rank on X and Ω an element in H s,t (X, F ). Assume the E-valued (s, t)-form ω is a representative of Ω. For convenience, denote
X , for any p, q. Given p, for open subsets U and V of X, there exist two exact sequences of complexes
where j i are self-explanatory inclusions and j * i , j i * are restrictions, extensions by zero, respectively, for i = 1, 2, 3, 4. For the exactness, we refer to [2] , Prop. 2.3, 2.7. They induce two commutative diagrams of long exact sequences on the level of cohomology
Hence, by cup products, Ω gives M-V morphisms Ω ∪ • : H 
for any open subset U in X, and denote
X , for any p, q. For open subsets U , V of X, there exists two commutative diagrams of exact sequences of complexes
where j i ,j i , j * i ,j * i , j i * ,j i * are self-explanatory as above case, for i = 1, 2, 3, 4. So we get two commutative diagrams of long exact sequences
Hence, pullbacks and pushouts define M-V morphisms f
(E) respectively. Moreover, assume f is proper. It is similar to prove that f
(E) are M-V morphisms, where we use Proposition 3.3 to check the commutative diagrams on the level of forms and currents.
We summarize above conclusions as follows.
Proposition 4.1. Let X be a connected complex manifold and E a locally free sheaf of O X -modules of finite rank on X. Fixed a p ∈ Z.
) is a M-V system of cdp presheaves (resp. cds precosheaves) of R-modules on X.
(2) Assume F is a locally free sheaf of O X -modules of finite rank on X and Ω is an element in H s,t (X, F ). Then
and
holomorphic map of connected complex manifolds and
Moreover, if f is proper, then
are M-V morphisms.
H * X (V)
and H * X,c (V). Analogue to Section 3.2.1, we can define H * X (V) and H * X,c (V) for any local system V of R-modules of finite rank on X. As Propositon 4.1, we get the following proposition.
Proposition 4.2. Let X be a connected smooth manifold and V a local system of R-modules of finite rank on X.
) is a M-V system of cdp presheaves (resp. cds precosheaves).
(2) Assume W is a local system of R-modules of finite rank on X and Ω is an element in
smooth map of connected smooth manifolds and r
. Let π : E → X be a smooth fiber bundle on a smooth manifold X and W a local system of R-modules of finite rank on E. Define H p E,cv (W) as follows:
The projection pr 1 : X × Y → X is viewed as a smooth fiber bundle over X and suppose W is a local system of R-modules of finite rank on X × Y . Define ′ H p X×Y,cv (W) as follows:
for any open set U in Y , and the extension
For any open set U , V in X, there exists an short exact sequence of complexes 
By the two exact sequences, we easily get the following propositions. Proposition 4.3. Let π : E → X be a smooth fiber bundle on a connected smooth manifold X and V, W local systems of R-modules of finite ranks on X, E respectively.
(1) H and [23], Thm. 3.3 was generalized as follows. 
Proof. By Proposition 4.2, f * and f * are M-V morphisms. For any open set U in X, set
, where 1 U and 1 U are classes of the constant 1 in H 0 (U, R) and H 0 ( U , R), respectively. By the projection formula (9),
We get the proposition immediately.
Recall that a complex manifold X is called p-Kählerian, if it admits a closed strictly positive (p, p)-form Ω ([1], Def. 1.1, 1.2) . In such case, Ω| Z is a volume form on Z, for any complex submanifold Z of pure dimension p of X. Any complex manifold is 0-Kählerian and any Kähler manifold X is p-Kählerian for every p ≤ dim C X. We generalize [23] , Thm. 3.1 and 4.1 as follows. Proposition 4.6. Suppose f : Y → X is a proper surjective holomorphic map between connected complex manifolds and Y is r-Kählerian, where r = dim C Y − dim C X. Let V be a local system of R or C-modules of finite rank and E a locally free sheaf of O X -modules of finite rank on X, respectively. Assume Then, for any p, q,
Proof. By Proposition 4.1 and 4.2, f * and f * are M-V morphisms. Let Ω be a strictly positive closed (r, r)-form on Y . Then c = f * Ω is a closed current of degree 0, hence a constant. By Sard's theorem, the set X 0 of regular values of f is nonempty. For any
For any open set U in X, set U = f −1 (U ). Then f * (Ω| U ) = c. By the projection formula (9) (resp. (7)),
It is easily to deduce the proposition. (1) Suppose that every fibre f −1 (x) is connected and
is an isomorphism for 0 ≤ p ≤ r, and a monomorphism for p = r + 1.
In addition, if f is proper, they also hold for the cases of compact supports.
(2) Suppose that every fibre f −1 (x) is connected and
Proof.
(1) The first part holds by Vietoris-Begle Mapping theorem ( [20] ). For a proper map f ,
So R q f * R Y = 0 for 1 ≤ p ≤ r, and the pullback R X → f * R Y is an isomorphism, since every fibre f −1 (x) is connected. By the projection formula,
Consider the Leray spectral sequence
→ H r+1 is injective, where the morphisms are all induced by the pullback of sheaves. We prove the second part.
(2) For any open set U in X and any p, f * :
are isomorphisms by (1). We proved (2).
Some applications
5.1. Poincaré dulaity theorem. Denote by M ∨ = Hom R (M, R) the dual space of a Rvector space M and denote by ρ ∨ : N ∨ → M ∨ the dual of a linear map ρ : M → N . Let X be a connected oriented smooth manifold with dimension n and V a local system of R or C-modules of finite rank on X. For any p, denote
gives an isomorphism
where pr 1 and pr 2 are projections from
(1) is a special case of [3] , II, 15.2.
(2) The proof is similar with [14] , Thm. 3.2. For readers' convenience, we give a complete proof. Assume dimX = n and U = {U α } is a good covering of X satisfying that every V| Uα is constant. Define double complexes
and Let
has finite dimension and U = {U α } a good covering of X satisfying that every V| Uα is constant. Consider two double complexes
Following the proof of (2), we can prove (3). 
is also a morphism of M-V systems of cdp presheaves, so is the composition
by Section 2.2 (5 ′ ). Hence the sum
is a morphism of M-V systems by Section 2.2 (4 ′ ). Let U be a basis of topology of X such that V| U is constant for any U ∈ U. For U 1 ,..., U l ∈ U, V| U1∩...∩U l is constant. By [14] 
is a morphism of M-V systems of cds precosheaves. By Proposition 4.2 (3) (i), Proposition 4.3 (2), Proposition 2.2 (5) and Section 2.2 (4),
is a cdp M-V morphism of M-V systems of cdp presheaves. The rest of the proof is similarly with that of (i), except that we use [14] , Thm. 3.10 (2) instead of [14] , Thm. 3.10 (1).
(iii) Letê 1 , . . . ,ê r be the image of e 1 , . . . , e r under the natural map H * c (E) → H * cv (E). By the hypothesis, it gives an isomorphism span R {e 1 , ..., e r }→span R {ê 1 , ...,ê r }, which immediately implies (iii) by (ii).
(2) For 0 ≤ i ≤ r, assume the bedegree of e i is (k i , l i ). Fixed p ∈ Z. By Proposition 4.1 (2), (3), Proposition 2.2 (5) and Section 2.2 (4 ′ ), (5 ′ ),
is a morphism of M-V systems of cdp presheaves. As the proof in (1) (i), by [16] , Thm. 1.2, F * satisfies the hypothesis ( * ) in Theorem 1.1. We proved (2).
We immediately get Corollary 5.6. Let π : P(E) → X be the projectivization of a complex vector bundle E of rank r on a complex manifold X. Set t = i 2π Θ(O P(E) (−1)) ∈ A 2 (P(E)), where O P(E) (−1) is the universal line bundle on P(E) and Θ(O P(E) (−1)) is a curvature of a hermitian metric on O P(E) (−1).
(1) For any local system V of R-modules of finite rank, π * (•) ∪ • gives isomorphisms of graded vector spaces 
We get the Thom isomorphism theorem for local systems. 
which have the inverse isomorphism π * . Moreover, if X is oriented, they coincide with the pushout i * .
Proof. By [2] , Prop. 6.18, the restriction [Φ]| Ex is a generator of H * c (E x , R). By Theorem 5.5 (1) (ii), Φ∧π * (•) gives the two isomorphisms. For ω ∈ Γ(X, V ⊗ R X A * X ), π * (Φ∧π * ω) = ω by the projection formula (10) . So π * is their inverse isomorphisms.
If X is oriented, the pushout i * is defined well in both cases and π * i * = id. So
Formulas of proper modifications.
A proper holomorphic map π : X → Y between connected complex manifolds is called a proper modification, if there is a nowhere dense analytic subset F ⊂ Y , such that π −1 (F ) ⊂ X is nowhere dense and π :
If F is such a minimal analytic subset, then E = π −1 (F ) is called the exceptional set of the proper modification π.
Proposition 5.9. Let π : X → Y be a proper modification of connected complex manifolds and E the exceptional set of π.
(1) Suppose V is a local system of R or C-modules of finite rank on
by Proposition 2.2 (5). Combined with (14)- (16), we obtain a M-V morphism
by Section 2.2 (5 ′ ). By Section 2.2 (4), (4 ′ ), the sum
of M-V systems of cdp presheaves.
Let U be a basis for topology of X such that, E| U is a free O U -module for every U ∈ U. For any U 1 , ..., U l ∈ U, E| l i=1 Ui is free. By [15] , Thm 1.2, F * is isomorphic on l i=1 U i . Hence, F * satisfies (*) in Theorem 1.1 and then F * is an isomorphism. We proved (13) . The proofs of (11) and (12) are similar with that of (13) 
Clearly, φ a linear map of vector spaces. Rao, S. et al. proved that φ is injective and
which imply φ is an isomorphism. From now on, assume X is a (unnecessarily compact) connected complex manifold. We notice that, for the definition (18) of φ, the compactness of X is unnecessary, since we can use Corollary 5.6 instead of [18] , Lemma 3.3 for the general case. With the same proof in [18] , the injectivity of φ and the isomorphism (19) also hold for the noncompact base X. However, we don't know whether φ is isomorphic in this case, since the dimensions of cohomology are possibly infinite in this case. In follows, through comparison of φ and the formula given in Theorem 6.1, we will prove that φ is still isomorphic on general complex manifolds.
6.2.2. Relative Dolbeault sheaves. We recall two sheaves defined in [17] and their properties. For more details, we refer to [18] , Sec. 4.2 for compact cases, or [15] , Sec. 4 for general cases.
Let X be a connected complex manifold and i : Y → X a closed complex submanifold. For any p, q, denote 
A natural problem is:
Question 6.2. Are φ and ψ inverse to each other?
It is true in following cases. (i E ) * h i ∪ (π| E ) * α p−1−i,q−1−i ) = π * γ p,q , for some γ p,q ∈ H p,q (X, E). Through π * , by the projection formula, γ p,q = π * γ = β p,q , where we used the fact that (π| E ) * h i = 0 for 0 ≤ i ≤ r − 2. Hence γ = ψ(β p,q , α p−1,q−1 , ..., α p−r+1,q−r+1 ).
So ψφ = id. By Theorem 6.1, ψ is isomorphic, and then, φ is inverse to ψ. Proof. We need only to prove the case E = O X .
(1) Clearly, X is in the Fujiki class C, so X has the canonical Hodge decomposition
for any k. By [14] , Lemma 1.2, i * E i E * σ = h ∪ σ, for any σ ∈ H * ( X, C). Since i E * and i * E preserve the bidegrees, we proved the case (1).
(2) It is just [15] , Lemma 4.4.
For any i ∈ {1, · · · , r − 1}, define polynomials P It is easily checked that, for every nonzero term a 
r−2 k=1 kd k = r − 1 − i − j.
We can explicitly represent φ(α) by α as follows. Push out (17) by π| E , we get α p−r+1,q−r+1 = (−1) r−1 (π| E ) * i * E α using the projection formula (7). The conclusion holds for i = r − 1. Suppose that it holds for any i ≥ l + 1. Cup product with (17) and h r−1−l , and then push out by π| E , we get (π| E ) * (h k+r−1−l ) ∪ α p−k,q−k .
6.3. Several questions. Let π, X, Y , X, E, t, V, i Y , i E be defined as above. Denote isomorphisms (11) and (12) For Question 6.7, we need to check the hypothesis in Proposition 6.8. Actually, we may consider a more general case: Question 6.9. Let Y be an oriented connected submanifold of an oriented connected smooth manifold X and i : Y → X the inclusion. Assume V is a local system of R-modules of finite rank on X and [Y ] is the fundamental class of Y in X.
(1) For σ ∈ H * (Y, i −1 V),
It is true for weight θ-sheaf V = R θ , seeing [14] , Lemma 4.3. An analogue of Theorem 6.1 on Bott-Chern cohomology is as follows. an isomorphism?
For a compact complex manifold satisfying ∂∂-Lemma, there is an canonical isomorphism between Bott-Chern cohomology and Dolbeault cohomology, so the question is true by
